Parton distribution functions (PDFs) are nonperturbative objects defined by nonlocal light-cone correlations. They cannot be computed directly from Quantum Chromodynamics (QCD). Using a standard lattice QCD approach, it is possible to compute moments of PDFs, which are matrix elements of local operators. Recently, an alternative approach has been proposed, based on the introduction of quasi-parton distribution functions (quasi-PDFs), which are matrix elements of equal-time spatial correlations and hence calculable on lattice. Quasi-PDFs approach standard PDFs in the limit of very large longitudinal proton momenta P z . This limit is not attainable in lattice simulations, and quasi-PDFs fail to reproduce PDFs at high fractional longitudinal momenta. In this paper, we propose a method to improve the reconstruction of PDFs by combining information from quasi-PDFs and from the Mellin moments of regular PDFs. We test our method using the diquark spectator model for up and down valence distributions of both unpolarized and helicity PDFs. In the future, the method can be used to produce PDFs entirely based on lattice QCD results.
I. INTRODUCTION
Parton distribution functions (PDFs) describe combinations of number densities of quarks and gluons in a fast-moving hadron. They depend on the fractional momentum x carried by partons moving collinearly with the parent hadron. PDFs can be defined in field theory as hadronic matrix elements of correlation operators that are nonlocal on the light-cone [1] . They are essentially nonperturbative objects, hence they cannot be computed from first principles in QCD using perturbative techniques. They can be isolated through appropriate factorization theorems [2] ; consequently, they also depend on the factorization scale, which usually coincides with the hard scale Q 2 of the process at hand. In these conditions, PDFs are extracted from global fits of experimental data within the collinear factorization framework (see Ref. [3] and references therein). The determination of their theoretical uncertainty is of fundamental importance for the interpretation of measurements at any hadronic collider, in particular at LHC when searching for effects induced from new physics beyond the Standard Model [4] .
Lattice QCD is at present the most successful approach to solve QCD in the nonperturbative regime. However, PDFs cannot be directly computed in lattice QCD because the light-cone separation becomes complex in Euclidean space-time. In lattice QCD, only Mellin moments of PDFs can be computed because they reduce to hadronic matrix elements of local operators [5, 6] . In practice, only few Mellin moments are available because of the limited computational power and of the operator mixing between higher and lower moments (see Ref. [7] for a discussion on how to overcome these problems).
Recently, a new approach denoted as Large Momentum Effective field Theory (LaMET) has been proposed to approximate PDFs on lattice in terms of the so-called quasi-PDFs [8] . Quasi-PDFs are obtained from hadronic matrix elements of equal-time spatial correlation operators. As such, they do not depend on time and can be calculated on an Euclidean lattice. Quasi-PDFs depend on the parton momentum fraction of the longitudinal hadron momentum P z : x = k z /P z , where k z is the longitudinal momentum of parton. They reduce to the usual PDFs in the limit P z → ∞. In reality, only finite values of the hadron momentum can be sampled on lattice and a suitable factorization theorem needs to be derived to connect quasi-PDFs to PDFs. Since both functions have the same infrared behaviour, the connection is established by perturbatively computing matching coefficients. The latter ones are currently available up to one loop [9, 10] also for quasi generalized parton distributions [11, 12] . The renormalization of quasi-PDFs has been computed up to two loops [13] .
Lattice calculations of quasi-PDFs have already been produced, but only for proton's momenta P z of the order of the proton mass [14, 15] . Larger values of P z are currently not reachable because the computational effort is too demanding. Hence, present results are plagued by contributions from higher twists and target mass corrections, that have been addressed for the first time in Ref. [16] .
Model calculations of quasi-PDFs are available in the framework of the diquark spectator approximation [17] . By comparing these results with the model expressions of standard PDFs in the same context [18] , the authors of Ref. [17] find that for moderate P z the quasi-PDFs are a good approximation to PDFs only for intermediate 0.1 x 0.4. Strong deviations are reported for large x → 1, also because the support of quasi-PDFs is not restricted to the interval [0, 1] [9, 10] . The situation improves if P z becomes much larger than the scale of the proton mass [17] .
In this paper, we present a method to reconstruct a PDF by combining information from its Mellin moments and from the corresponding quasi-PDF. As stated above, the PDF at intermediate x is well reproduced by the quasi-PDF. At larger x, we use a parametric expression to fit some of the Mellin moments of the PDF itself. We require that the quasi-PDF and the parametric expression are the same at a certain matching point x 0 , including the value of their first derivative. Since lattice calculations of quasi-PDFs at sufficiently large P z are missing, we test our method by using the diquark spectator approximation for up and down valence distributions of both unpolarized and helicity PDFs. However, in the future our procedure can be used to improve the calculation of PDFs entirely based on lattice QCD results. We also study the dependence of our results on the choice of the matching point x 0 and of the proton momentum P z . In the following, in Sec. II we describe the quasi-PDF in the diquark spectator approximation. In Sec. III, we discuss our reconstruction procedure in detail. In Sec. IV, we show our results, and in Sec. V we draw some conclusions.
II. QUASI-PDFS IN THE SPECTATOR DIQUARK APPROXIMATION
In this section, we recall the operator definitions of the leading-twist unpolarized distribution f 1 (x) and helicity distribution g 1 (x), and of the corresponding quasi-PDFs f 1 (x, P z ) andg 1 (x, P z ). Then, we list the analytic expressions of these distributions in the spectator diquark approximation. Throughout the paper, we will represent 4-vectors with both their Minkowski or light-cone components. In the latter case, we define the light-like vectors n ± satisfying n 2 ± = 0, n + · n − = 1, and we describe a generic 4-vector a
A. Operator definitions of PDFs and quasi-PDFs
The operator definition of the leading-twist unpolarized distribution f 1 (x) and helicity distribution g 1 (x) is given by [19] 
where P is the four-momentum of a nucleon with mass M , moving along theẑ direction, i.e.
S is the longitudinal polarization of the nucleon with S 2 = −1 and P · S = 0, and x = k + /P + . The gauge link operator U n− along the light-cone direction n − is given by
and it connects the quark fields ψ in the two different points 0 and (ξ − , 0, 0 T ) by all possible ordered paths followed by the gluon field A with coupling g, thus making the definitions in Eqs. (1) and (2) gauge invariant.
The corresponding definitions of the quasi-PDFs f 1 (x, P z ) andg 1 (x, P z ) involve only spatial correlations along theẑ direction [8] :
B. Unpolarized PDFs and quasi-PDFs in the spectator diquark model
The spectator diquark approximation consists of two basic steps [20] . First, we insert a completeness relation with intermediate states into the operator definition of PDFs, Eqs. (1) and (2) . Then, we truncate the sum to a single on-shell spectator state of mass M X representing either a scalar diquark (X = s) or an axial-vector diquark, which in turn can have isoscalar (X = a) or isovector (X = a ) quantum numbers [18] . The nucleonquark-diquark interaction vertex can be dressed by a suitable form factor that can be chosen in different forms [18] . Following Ref. [17] , we adopt the dipolar form
parameters of the model together with the diquark mass M X . If we are sensitive also to the transverse component k T of the parton momentum with respect to the direction of the nucleon momentum, the form factor can be conveniently rewritten as [18] 
However, this result holds only if x is not very large. Otherwise, the term (1 − x) 2 (P z ) 2 breaks down the large-P z expansion that leads to Eq. (20) . Therefore, we have to expect that the quasi-PDFs are not a good approximation to standard PDFs in the large x region, unless P z is boosted to very large values [17] .
By integrating Eqs. (12) and (13) upon the parton transverse momentum, we get the diquark scalar and axial-vector components of the unpolarized collinear PDF [18] :
The corresponding expressions for the quasi-PDFs f
are very lengthy and are shown in Appendix A 1. It is straightforward to verify that in the limit P z → ∞ they recover the corresponding PDFs of Eqs. (21) and (22).
C. Helicity PDFs and quasi-PDFs in the spectator diquark model
Following the same steps of the previous section, the helicity distributions for the scalar (g s 1 ) and axial-vector (g a 1 ) diquarks are [17, 18] 
The corresponding quasi-PDFsg
where
The integrated helicity PDFs are [18] 
Again, the expressions for the quasi-helicitiesg
It is straightforward to show that [17] lim
lim
D. Plots of unpolarized and helicity quasi-PDFs
Following Ref. [18] , we combine the above results for the scalar and axial-vector diquark components to give the up and down unpolarized and helicity PDFs. In order to keep simple the probabilistic interpretation of the results, it is convenient to use normalized versions of f X 1 and g X 1 . Therefore, for example we use ||f
where the normalization N X is determined by requiring [18] 
The flavor components of PDFs are given by
and similarly for the helicity PDF g 1 . Hence, the up quark receives contributions from both the scalarisoscalar (s) and from the axial-vector-isoscalar (a) diquark components, while the down quark is completely determined by the axial-vector-isovector component (a ).
The coefficients c X of the linear combination are free parameters of the model. Together with the diquark masses M X and cutoffs Λ X , they were fixed in Ref. [18] by fitting the ZEUS parametrization of f [21] , and the leadingorder parametrization of g Comparison between PDFs and quasi-PDFs. Upper panels for f1 versusf1, lower panels for g1 versusg1. Left panels for the up quark, right panels for the down quark. In all panels, solid lines for the standard PDFs calculated in the diquark spectator model of Ref. [18] . Dashed lines for the quasi-PDFs at P z = 1.47 GeV, dot-dashed lines at P z = 2.94 GeV, dotted lines at P z = 5.88 GeV.
Using the parameter values listed in Tab. I of Ref.
[18], we can calculate both up and down components of the unpolarized PDF f 1 and the helicity PDF g 1 , as well as the corresponding quasi-PDFsf 1 andg 1 at various values of P z . The comparison between quasi-PDFs and PDFs is shown in Fig. 1 . The upper panels show the results for f 1 versusf 1 , the lower panels for g 1 versusg 1 . The left panels display the results for the up quark, the right panels for the down quark. In all panels, the solid lines refer to the standard PDFs calculated in the diquark spectator model of Ref. [18] . The dashed lines are the quasi-PDFs computed at P z = 1.47 GeV. The dot-dashed lines refer to P z = 2.94 GeV, the dotted lines to P z = 5.88 GeV. It is evident that the quasi-PDFs better approximate the corresponding PDFs as P z increases.
III. THE RECONSTRUCTION PROCEDURE
From Fig. 1 , it is already evident that the quasi-PDFs are always a good approximation to PDFs for x 0.2, and that there is a discrepancy at larger x which becomes smaller for increasing P z . But large values of P z are currently beyond the reach of lattice computations of quasi-PDFs. In the following, we describe a procedure to reconstruct the PDF at large x by using information on the corresponding quasi-PDF and on the Mellin moments of the PDF itself. We choose a point x 0 , denoted matching point, that divides the support of PDFs in two regions: the lower-x region 0 ≤ x ≤ x 0 , and the higher-x region x 0 < x ≤ 1. At some factorization scale µ (that will be mostly understood for simplicity), we assume that the PDF q(x, µ) for flavor q is well approximated by the quasi-PDF q(x, µ, P z ) in the lower-x region. In the higher-x region, we replace the quasi-PDF with the parametric expression
where p 2 > 0 because the standard PDF vanishes when x ≥ 1. We require that the lower-and higher-x regions are smoothly connected at x = x 0 by imposing that the quasi-PDF and the parametric expression coincide with their value and first derivative, namelỹ
Hence, we can eliminate two free parameters. We choose to represent p 3 and p 4 as analytic functions of p 1 , p 2 , and p 5 . These latter free parameters are further determined by minimizing the weighted square distance χ 2 between the n = 2, 3, 4 (truncated) Mellin moments of the quasiPDFq and the parametric functionq with respect to the standard PDF q,
and in all formulae the dependence on the factorization scale µ is understood. The weights [q n (P z ) − q n ] −2 are added to balance the importance of each moment.
When we try to reconstruct the unpolarized PDF q (x; {p i }) ≡f q 1 (x; {p i }), we further impose that in the higher-x region
This constraint reflects the concavity of the unpolarized PDF at large x, namely the fact that for increasing x the unpolarized PDF always decreases while its first derivative increases. In practice, the constraint in Eq. (40) is implemented by sampling ten points x i uniformly distributed in the range x 0 < x i < 1, with i = 1, .., 10.
The choice of the matching point x 0 is arbitrary. The only guidance is that in the lower-x region 0 ≤ x ≤ x 0 the expressions x n−1q (x, P z ) with n = 2, .., 4, involving the quasi-PDF, are close enough to the corresponding ones for the standard PDF q(x) such that the truncated Mellin moments are almost identical. It turns out, also by inspecting Fig. 1, that 0. 2 ≤ x 0 ≤ 0.3 is a convenient range. In the following, we will run our procedure both for x 0 = 0.2 and 0.3. This choice is somewhat more conservative with respect to the one of Ref. [17] , where the authors claim that the quasi-PDFs are a good approximation of standard PDFs up to x 0.4. We have tried the option x 0 = 0.4, but in this case our reconstruction procedure fails.
When minimizing the function χ 2 ({p 1 , p 2 , p 5 }) in Eq. (38), we consider only the n = 2, 3, 4 (truncated) Mellin moments. The first Mellin moment is excluded because lattice calculations of the quasi-PDF are not reliable at small x. In fact, the largest nucleon momentum that can be generated on lattice is of the order P max = a −1 , where a is the lattice spacing. The lowest momentum is P min = (La) −1 , where L is the number of lattice spacing in theẑ direction. Therefore, the smallest momentum fraction that can be simulated on lattice is x min = P min /P max = L −1 . The largest lattice used in current calculations of quasi-PDFs is 32 3 × 64 [14] so that the corresponding smallest momentum fraction is x min = 1/32. The contribution from the region 0 ≤ x ≤ x min to the various truncated Mellin moments can be estimated by taking its ratio to the full Mellin moments,
In Fig. 2 , the numerical results of ∆ (n) q (P z ) for the diquark spectator model calculation of the unpolarized quasi-PDFq(x, P z ) ≡f q 1 (x, P z ) are presented as functions of P z , which can range over several multiples of the proton mass M P . The upper panel refers to the up quark q = u, the lower panel to the down quark q = d. From top to bottom, the long-dashed line refers to the n = 1 moment, the medium-dashed to n = 2, the short-dashed to n = 3, and the solid to n = 4. The quasi-PDF is evaluated at the natural model scale µ 2 = Q 2 0 = 0.3 GeV 2 . It is evident that the first truncated Mellin moment (top long-dashed curve) is as large as 10% of the corresponding full moment, while the other truncated higher moments contribute to much less than 1% of the corresponding full moments. Hence, the uncertainty coming from the 0 ≤ x ≤ x min region is negligible if we use the n = 2, .., 4 Mellin moments of quasi-PDFs in the minimization formula (38) that fixes the parameters {p 1 , p 2 , p 5 }. 
IV. RESULTS OF THE RECONSTRUCTION PROCEDURE
In this section, we present the results of our reconstruction procedure for both unpolarized and helicity PDFs. We compare the results for the standard PDF q(x), computed in the diquark spectator model (as described in Sec. II B for q(x) ≡ f q 1 (x) and in Sec. II C for q(x) ≡ g q 1 (x), respectively) for q = u, d at the model scale Q 2 0 , for the corresponding quasi-PDFq(x, P z ) (similarly, described in Sec. II B forq(x, P z ) ≡f q 1 (x, P z ) and in Sec. II C forq(x, P z ) ≡g q 1 (x, P z )), and for our reconstructed PDF
• q(x, P z ), defined in Sec. III as
where the parametric expressionq (x; {p i }) is defined in Eq. (35), subject to the constraints of Eqs. (37) and (40).
In all cases, we consider the PDFs multiplied by the fractional momentum x. The matching point is fixed to x 0 = 0.2 or 0.3. The reconstructed PDF
• q(x, P z ) depends on three parameters that can be fixed by minimizing the χ 2 function defined in Eq. (38). In Fig. 3 , the comparison is shown at x 0 = 0.2 for P z = 1.47 GeV. The upper panels refer to the unpolarized PDF, the lower panels to the helicity PDF; the left panels show the results for the up quark, the right panels for the down quark. The standard PDFs are represented by black solid lines, the quasi-PDFs by dashed (blue) lines, the reconstructed PDFs by lighter (red) solid lines. The quasi-PDFs xq(x) are a reliable reproduction of the PDFs xq(x) only for x ≤ x 0 : at higher x, they largely deviate and do not show the correct asymptotic behaviour for x → 1. Nevertheless, our parametric expressions xq(x) follow quite closely the PDFs xq(x) at very large x. Though, some conspicuous oscillations around xq(x) appear at intermediate x x 0 , in particular for the up quark, suggesting that the overall agreement is not optimal.
In Fig. 4 , the same situation is reconsidered for P z = 2.94 GeV. It is evident that increasing P z improves our reconstruction procedure because the quasi-PDF is already much closer to the standard PDF over a significant range of x values. The reconstructed PDF x • q(x, P z ) looks like a close approximation to the standard PDF xq(x) over the entire range 0 ≤ x ≤ 1 for both unpolarized and helicity PDFs, with some minor oscillations around xq(x) in the unpolarized up-quark channel at x x 0 . 
namely for the relative distances • r are systematically lower by one order of magnitude than the ones ofr, sometimes by more as in the caseg u 1 (x, P z = 2.94 GeV). Moreover, we can specify how much our procedure becomes more reliable when increasing P z by comparing the different values of
• r for P z = 1.47 GeV and P z = 2.94 GeV: the reduction factor in the distance is larger than 2, and reaches one order of magnitude for theĝ u 1 channel. In Fig. 5 , we analyze in more detail the behaviour of the relative distance very small, below 1%, and for P z 2 GeV it improves by almost one order of magnitude reaching the 0.1% level for all channels. We note that for the down quark this very good level of accuracy is practically achieved for all the explored P z values. From the right panel, we deduce that for moderate P z the level of accuracy reached by our reconstruction procedure is more than ten times higher than for the quasi-PDFs. But when P z increases above 2 GeV, the quasi-PDFs become a good approximation to the standard PDFs (see also Fig. 1 In Fig. 6 , we display the comparison between standard PDFs, quasi-PDFs, and reconstructed PDFs, in the same conditions and notation as in Fig. 3 but for the matching point x 0 = 0.3. It is evident that moving x 0 to higher values produces a worse situation: large oscillations in the reconstructed PDF • q(x, P z ) deteriorate the agreement with the standard PDF q(x), particularly for the q(x) ≡ g u 1 (x) case. This qualitative impression is confirmed by checking the numerical values at P z = 1.47 GeV of the relative distancesr againstr in Tab. II. While ther are very similar to the corresponding numbers in Tab. I, the • r are almost one order of magnitude larger (except for the f u 1 channel). The overall accuracy of the reconstruction improves by moving to P z = 2.94 GeV as displayed in Fig. 7 , where the comparison is depicted again in the same conditions and notation as in Fig. 4 but for the matching point x 0 = 0.3. This is confirmed by the values in Tab. II for P z = 2.94 GeV: ther values are now similar or slightly larger than the ones in Tab. I, except for the f d 1 channel. We deduce that increasing P z is beneficial in various respects, but the best accuracy of our reconstruction procedure is reached for the lowest matching point x 0 = 0.2 because for x x 0 the quasi-PDFs are a very good approximation to the standard PDFs. Although in this work we have computed the PDFs at the scale of the diquark spectator model, there is no restriction on applying the reconstruction procedure at higher scales provided that the weighted quasi-PDFs x n−1q (x, P z ) are a good approximation to the corresponding weighted standard PDFs x n−1 q(x). We conclude the section by testing how robust is our reconstruction procedure. To this aim, we perturb the various inputs to our procedure and we check how much the reconstructed PDF changes with respect to the unperturbed solution. More specifically, we shift by a cer- tain amount δ the values of the quasi-PDF and of its first derivative at the matching point,
as well as the difference between the (truncated) Mellin moments of the quasi-PDF and standard PDF,
whereq n (P z ), q n are defined in Eq. (39). The minimization will produce a parametric expressionq with new parameters {p 1 , p 2 , p 5 }. Namely, the weighted square distance of Eq. (38) becomes
The goal is to understand how much the parameters {p 1 , p 2 , p 5 } differ from the unperturbed ones {p 1 , p 2 , p 5 }.
We define the perturbed parametric expression aŝ
such that the unperturbed one iŝ
The robustness is measured by the relative distance betweenq(x, δ) andq(x, 0) in the region x 0 < x ≤ 1,
The smaller r(δ), the more stable the parametric expressionq(x, {p i }) in Eq. (42), the more robust the procedure leading to the reconstructed PDF
• q(x, P z ). We perform the test with P z = 1.47 GeV and x 0 = 0.2. In order to keep r(δ) 1%, for the unpolarized PDF of the up quark, f u 1 , we deduce |δ| ≤ 0.09, while for all the other channels we have |δ| ≤ 0.1. In other words, if we perturb the inputs by at most 10%, the reconstructed PDF changes by no more than 1%. This uncertainty is completely negligible with respect to the sensitivity of the reconstructed PDF when varying P z or x 0 . Therefore, all the numerical results and related comments reported in Tabs. I and II are stable, solid and reliable.
V. CONCLUSIONS
In this paper, we have presented a method to reconstruct a Parton Distribution Function (PDF) by combining information from its Mellin moments and from the corresponding quasi-PDF. Quasi-PDFs are obtained from hadronic matrix elements of equal-time spatial correlation operators; as such, they can be calculated on an Euclidean lattice. Quasi-PDFs can be shown to reduce to the usual PDFs when the longitudinal momentum of the parent hadron becomes very large, in the limit P z → ∞. Lattice calculations of proton quasi-PDFs are already available but only for P z of the order of the proton mass, because for larger P z the computational effort is too demanding. Model calculations of quasi-PDFs are available in the framework of the diquark spectator approximation. They show that for moderate P z the quasiPDFs are a good approximation to PDFs only for intermediate partonic momentum fractions 0.1 x 0.4.
Our reconstruction procedure consists in choosing a matching point x 0 , and in merging the information delivered by the quasi-PDF at 0 ≤ x ≤ x 0 with a parametric expression at x 0 < x ≤ 1 that fits the n = 2, 3, 4 Mellin moments of the PDF itself. The minimization is constrained by requiring that at x 0 the quasi-PDF and the parametric expression match, including their first derivative. Since lattice calculations of quasi-PDFs at sufficiently large P z are missing, we have tested our method by using the diquark spectator approximation for up and down valence distributions of both unpolar- 
